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INVARIANTS PRESERVED BY MUTATION
THILO KUESSNER
(communicated by )

Abstract
We prove that generalized mutation preserves several geo-
metric invariants such as the volume and Goncharov invariant
of closed or Q-rank 1 locally symmetric spaces.

1. Introduction

Rigidity results in the theory of locally symmetric spaces imply that geometrically
defined invariants, such as the volume are topological invariants. Yet it remains largely
mysterious how these invariants are determined by the topology and how they behave
with respect to topological operations such as cut and paste. ” Cut and paste” hereby
means the following operation: we have a properly embedded, 2-sided, codimension 1
submanifold ¥ in a compact manifold M and we denote by M7 the manifold which
is the result of cutting M along ¥ and regluing via a diffeomeorphism 7 : ¥ — X.

In [T6] Ruberman considered the case of hyperbolic 3-manifolds and showed that
mutation of a hyperbolic link yields a hyperbolic link of the same volume. More gen-
erally he proved that for hyperbolic 3-manifolds M and certain pairs (X, 7), especially
for the hyperelliptic involution of the genus 2 surface, M7 is always hyperbolic with
vol (M™) =wvol (M) if ¥ C M is incompressible and boundary-incompressible. (The
latter conditions are needed only to guarantee hyperbolicity of M".) Neumann indi-
cated in [I5] that also the PSL(2, C)-fundamental class and the Bloch invariant of
hyperbolic 3-manifolds is preserved under mutation. In [II] we gave a topological
proof of Ruberman’s theorem using the fundamental class construction. In [9] we
used an analogous argument to prove that also the volume of flag structures is pre-
served under mutation. The aim of this paper is to prove in a general setting that
G-fundamental classes and hence various geometric invariants are preserved under
generalized mutation.

For a closed, orientable d-manifold M and a representation p:m M — G one
has the naturally associated G-fundamental class (Bp). [M] € Hq(BG), where BG
denotes the classifying space with respect to the discrete topology on G. If M has
mi-injective boundary, G is a semisimple Lie group without compact factor, and p
sends 710; M to a parabolic subgroup P; C G for each component 9; M of OM, then
we can still associate a fundamental class (Bp). [M,0M] € Hy(BG™P) for a certain
completion BG°™P  see Section 4.1. We discuss in Section 3 that this fundamental
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2 THILO KUESSNER

class determines several geometric invariants. The generalized mutations to be con-
sidered will be defined in [Definifion 2.11 The general result proved in this paper is
the following theorem.

Theorem 1.1. Assume M is a compact, oriented d-manifold such that int(M) is a
Q-rank 1 locally symmetric space of noncompact type. Let p: miM — G be a repre-
sentation to a semisimple Lie group without compact factor, sending the fundamental
group of each boundary component w1 0; M to some parabolic subgroup P; C G.

If p7 : mM7™ — G is a generalized mutation of p, then

(Bp). [M,0M]q = (Bp"). [M",0M7]q € Hy(BG"7; Q).

The corresponding result for Z-coefficients is not true, examples are given in [I5]
Section 2.6]. We will see in Section 3 that the following invariants are determined
by the rational G-fundamental class (Bp). [M,0M]q, thus their invariance under
generalized mutations follows.

Corollary 1.2. The volume, the (generalized) rational Bloch invariants and Gon-
charov invariants of Q-rank 1 locally symmetric spaces, the complex volume of rep-
resentations and the rational Bloch invariant and volume of CR structures and flag
structures are preserved under generalized mutations.

2. Generalized mutation

2.1. Definition of generalized mutations

In this paper we will consider the following situation. We have a compact man-
ifold M (possibly with boundary) and a properly embedded, 2-sided, codimension
1 submanifold ¥ C M. We consider a diffeomorphism 7 : (X,0%) — (2,0%) and we
denote M7 the manifold which is the result of cutting M along ¥ and regluing via 7.

We will also assume that a representation p : my M — G is given. This representa-
tion may arise from the identification of my M with a discrete subgroup I' C G in case
that M = T'\G/K is a locally symmetric space of noncompact type, but we will also
be interested in other representations, e.g. arising from CR or flag structures.

Definition 2.1. (Generalized mutation) For a fixed representation p : mM — G
we say that a finite order homeomorphism 7 : ¥ — ¥ is a generalized mutation if
there exists some finite order A € G with

p(rh) = Ap(h) A7
for all h € m 2.

We remark that the condition of A having finite order is implied if p is the holonomy
of a hyperbolic 3-manifold ([I1, Observation 1.2]) or if p(m1 %) is Zariski-dense.

Lemma 2.2. If 7 : ¥ — ¥ is a generalized mutation for a representation p : miM —
G, then there is a representation

prmMT — G

such that the retrictions of p and p™ to m (M — X) agree.
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Proof. We can choose regular neighborhoods of ¥ in M and M™ and an identification
of their complements. We denote X the union of M and M™ along this identification.
Let mM =< S| R > be a presentation of m M. The Seifert-van Kampen Theorem
implies (with i : ¥ — X denoting the inclusion):

mX =< St | R ti.(h)t " =i, (1.h) YhemE > .

[Defnition 211 implies that we can extend p to a representation pX : m X — G by
defining p(t) = A. Composition with 7M™ — m X yields p™ : mM7™ — G. O

2.2. Examples

Symmetries of Representation Variety. The mapping class of 7 : ¥ — ¥ acts
on R(mX,G) = Hom (mX,G)/ ~, the space of representations up to conjugation.
The condition from [Definition 2,11 is obviously equivalent to the condition that the
conjugacy class of p |-, » is a fixed point for the action of 7. on R(m X, G). We do not
know a general approach for finding such fixed points but a remarkably general case
is provided by the following example due to Ruberman. (Here Ry ;(mX,G) is the
subset of discrete, faithful, parabolics-preserving representations upon conjugation,
an analogue of Teichmiiller space.)

Example 2.3. Surfaces in hyperbolic 3-manifolds. If ¥ C M is the genus 2 surface
and 7 : ¥ — X the hyperelliptic involution, then by [16, Theorem 2.2] 7, acts trivially
on Rq s(m%,SL(2,C)), every p is a fixed point. The same is true for the 7-invariant
subsurfaces of 3: the 1- and 2-punctured torus and the 3- and 4-punctured sphere.

Ezample 2.4. Totally geodesic submanifolds. If M =T'\G/K is a closed locally
symmetric space of noncompact type of dimension d > 4, ¥ C M a totally geodesic
hypersurface and 7: 3 — ¥ a diffeomorphism, then by [6, Theorem IV.7.1] ¥ is a
locally symmetric space, upon conjugation ¥ = H/K for some subgroup H C G,

hence Mostow rigidity means that 7: ¥ — ¥ is homotopic to an isometry (of finite
order) and there is some A € H C G with 7, (h) = AhA™! for all h € m .

2.3. Discreteness

Even though the invariants considered in this paper, including the volume and the
Bloch invariant, are defined for arbitrary representations to a Lie group (not nec-
essarily of discrete image), it is a natural question to ask whether the mutation p™
of a discrete embedding p : 1 M — G is again discrete. In [16] Ruberman answered
this positively for lattices in SL(2,C). When p(mX) is geometrically finite (hence
1-quasifuchsian, [8 Definition 9.2]), then in [ITl Proposition 3.1] we gave another
proof by using the Maskit combination theorem from [I4, Chapter VII]. The Maskit
combination theorem in the formulation of [T4] has an exact generalisation to higher-
dimensional hyperbolic manifolds by the recent work of Li-Ohshika-Wang (13, The-
orem 4.2]). Thus one can literally adapt the proof of [I1], Proposition 3.1] to obtain
the following result:

Proposition 2.5. Let M be a compact, oriented n-manifold such that int(M) is
hyperbolic with holonomy p : 1M — Isom™(H™). Let X C M be a properly embedded,
2-sided, codimension 1 submanifold such that p(m1X) is geometrically finite, (n — 2)-
quasifuchsian. If T: % — X is a generalized mutation, then p™ (m1MT) is a discrete
subgroup of Isom™ (H™).
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2.4. The closed case

Though this is superfluous from a logical point of view - as we handle the more
general Q-rank 1 case in Section 4 - we first discuss the, technically simpler, proof of
[Mheorem T for the closed case. The idea is essentially due to Neumann ([I5], in the
context of hyperbolic 3-manifolds) and in this case the simplicity and beauty of the
argument can hopefully be better appreciated.

Let X be constructed as in the proof of The images of the fundamental
classes of M, M™ and the mapping torus 77 satisfy the relation

[M] = [M7]=[T"] € Hq (X).
From the proof of [Cemma 2.2 we have a representation pX : 71 X — G with pX |, y=
p and pX |, 3= p”. Then
(Bp)« [M] = (Bp")« [MT] = (Bp™). [T7]

and [Theorem TTlfor closed manifolds will follow once we have proved (Bp™). [T7]q =
0.

7 and A have finite order, say 7" = id and A™ =1 for an n € N. Hence we have
an n-fold covering p, : ¥ x S — T7. In the following diagram we denote by ix and
i~ the inclusions and by P; the projection to the 1st factor.

P
Yx Sl —=3%

-

. X
T x 2% | BG |

The left-hand square does not commute, even homologically, but we claim that the
compositions with Bp* commute up to homotopy and hence homologically.

Since | BG | is aspherical® it suffices to look at the fundamental group. We have
™ (Z X Sl) =mX @ Z and for the m¥-summand of course already the left-hand
square is commuting. Moreover, for the generator s € m1.91 = Z we have (P;). (s) = 0,
on the other hand (ip-py)« (s) =t and thus (Bpxir-pn), (s) = px (t") = A" = 1.
Therefore the induced homomorphisms of fundamental groups commute and Hurewicz’
Theorem? implies commutativity in homology.

With d = dim(M) we have Hq(X) = 0. The homomorphism (Bp*ixP1), factors
over Hy (%) and is therefore trivial. By the discussion before this implies

(Bp¥ir-pn),[Sx S'] =0.

We have (p,)a [E x S| =n[T7], thus rationally (BpXiTT)d [T7]q =0, hence the
claim.

'In this paper, | BG | always means the classifying space for G with respect to the discrete topology.
We think of it as the geometric realization of the simplicial set BG.

*Hurewicz’ Theorem ([, page 219]) gives [X,Y] = Hom(m1 X, 1Y) /Inn(m1Y) for the homotopy
classes of mappings from a space X to an aspherical space Y, in particular two maps are homotopic
when they have the same effect on fundamental groups.
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3. Invariants obtained from the GG-fundamental class

For a manifold M and a group G, a representation p : my M — G induces a con-
tinuous map Bp: M —| BG|. If M is a closed, oriented d-manifold with funda-
mental class [M] € Hy(M), then the G-fundamental class of (M, p) is defined as
(Bp)« [M] € Hy(BG).

More generally, we will be interested in the situation that M has (m-injective,
possibly disconnected) boundary, G is a semisimple Lie group without compact factors
and the representation p : m; M — G maps the fundamental group of each component
0; M to some parabolic subgroup P; C G. Then we have an element

(Bp)« [M,0M] € Hy(BG*™P),

see Section 4.1 for its construction. Several invariants can be derived from this ele-
ment.

Volume of locally symmetric spaces. If p : I' — G is the inclusion of a Q-rank
1 lattice and int(M) =T\G/K the locally symmetric space, then by [10, Section
4.2.3] there is the extended volume cocycle ¢y defined by

a(g1,---,94) = / dvol

tr(Z,91%,...,91...94%)

for (g1,...,94) € BG and by

C_I/d(pla"'7pd—laci) :/ dvol
str(Z,p1%,.,P1.-Pn—1Z,C;)

for (p1,...,Pn—1,¢i) € Cone(BG). Its cohomology class does not depend on & € G/K
and by [9] Lemma 6.3] we have

< [ew4], (Bp)s« [M,0M] >= vol(M).

In particular the volume is determined by (Bp). [M,0M]q,
Goncharov invariant. If again int(M) = I'\G/K is a Q-rank one locally sym-

metric space of finite volume, then by Weil rigidity we can assume I' C Q(Q) If
p: T — SL(N,Q) is the restriction of some representation G(Q) — SL(N, Q), then

by [9, Proposition 7.1] the rational fundamental class
(Bp). [M,0M]q € Ho(BSL(N. Q). Q)
has a (unique) preimage
7(M) € Ha(BSL(N,Q), Q)

and also an associated element

Y(M) € Ka(Q) ® Q

which are called the homological and K-theoretic Goncharov invariant, respectively.
Similarly, if F C Cis a subring with 1 and p(I") € SL (N, F), then one obtains y(M) €
K4(F) ® Q. By definition, v(M) is determined by (Bp). [M,0M]q.
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Complex volume. If M is a closed 3-manifold and p : m; M — SL(n,C) a repre-
sentation, then the complex volume as defined in [4] is

1
where ¢ is the Cheeger-Chern-Simons class of the flat bundle with monodromy p.

Bloch invariant. It is proved in the appendix of [2] that the Bloch-Wigner mor-
phism sends the PSL(2, C)-fundamental class of a closed hyperbolic 3-manifold to its
Bloch invariant B(M). The corresponding result for cusped hyperbolic 3-manifolds as
well as for the generalized Bloch invariant of (closed or R-rank 1) locally symmetric
spaces has been proved in [T2, Theorem 1], see also [9], Definition 8.1] for Q-rank 1
spaces. So the rational Bloch-Wigner morphism maps (Bp). [M, 9M]q to the rational
Bloch invariant S(M) ® 1.

Bloch invariant of CR structures ([3]). If M is a finite-volume hyperbolic
manifold and

p:mM — SU(2,1)

a reductive, boundary-unipotent representation, then [9], Lemma 10.3] implies that
the Bloch invariant Spyw (M) is determined by (Bp). [M,OM].

Bloch invariant and volume of flag structures ([II). If M is a finite-volume
hyperbolic 3-manifold, and

h:CP! — FI(C?)
is equivariant with respect to some representation
p:mM — SL(3,C),

then Bergeron-Falbel-Guilloux define a Bloch invariant S, (M) which generalizes the
Bloch invariants of hyperbolic and CR structures. It follows from [9] Lemma 10.7]
that Bp(M) is determined by (Bp).[M,0M]. In particular the volume of the flag
structure is determined by (Bp). [M,0M]q.

4. Proof

4.1. Recollections from [10), Section 4]: Construction of (Bp). [M,0M]
Definition 4.1. For a manifold M and 01 M, ..., dsM the components of IM, we let

DCone (U;_10, M — M)

be the union along OM of M with the (disjoint) cones over WM, ..., 0,M.

For a group I' and a collection of subgroups I'y, ..., I's, we denote by
Bre°™? .= DCone (U;_, BI'; — BI)

the union along U{_; BI'; of the simplicial set BI' with the cones over BI;.
If G is a semisimple Lie group without compact factor and d..G/K the Hadamard
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boundary of the associated symmetric space, then we denote?
BG™P = DCone (UceaxG/KBPc — BG) ,

where P, is the subgroup of parabolic elements fixing c.

Let M be connected and the components 01 M, ..., 0sM be mi-injective. We fix
x € M,xz; € ;M and pathes [; : [0,1] — M with [; (0) =z,l; (1) = x; for 1 < i< s.
Conjugation by l; identifies 7 (0; M, z;) to a subgroup I'; C T := 7y (M, ).

Let | BT | denote the geometric realization of the simplicial set BT'. The classifying
map Uy : M —| BT | extends to Wy : DCone (Ui_,0; M — M) —| BI'*o™? |,

For * > 2 we have an isomorphism H, (M,0M) = H, (DCone (U,_,0; M — M)),
see [9, Lemma 5.1]. Thus, if dim (M) > 2, then (V). [M,0M] € H, (] B[P |) is
defined.

We assume that p:I" — G is a representation to a simple Lie group without
compact factor, sending each T'; to a parabolic subgroup P; C Fiz(c;),¢; € 0.0G/ K,
where G/ K is the associated symmetric space. (This holds in particular for the inclu-
sion p: ' = G if int (M) 2 T\G/K is a Q-rank 1 locally symmetric space.)

Then we have a well-defined simplicial map Bp : BT’ — BG™P by sending the
cone point over I'; to ¢;. It induces the continuous map | Bp |:| BT'¢°™P |—| BG®™? |.
We will use the shorthand

(Bp)« [M,0M] € H"™(BG*"™P)
for the image of (| Bp | V). [M,0M] € H.(| BG*™? |) under the canonical isomor-
phism H* (| BGeomp |) o~ Hfzmp (BGcomp).

4.2. Proof of [Theorem 1.1]

Proof. The proof is similar to that of [I1, Theorem 1] and [9, Corollary 10.8]. Let
X be constructed as in the proof of Cemma 2.2 and let X = X N (M UOMT). By
[Cemma 2 Awe have a representation pX : w1 X — G with p* |, ;= p and p* (t) = A.
The construction of X implies that

ingw [M,OM) — ingry [M7,0MT) = igpr, [T7,0T7) € Hy (X,0X), (1)

where ips,ipr, i are the inclusions of M, M™ and the mapping torus 77 into X.
Fix n € N such that A™ =1 and 7" = id. Using the presentation

mX =< S, t| R, t(is.h)t ™ =ix, (1.h) Vh € mE >
we define a surjective homomorphism a : m X — Z/nZ by
a(t)y=1,a(s) =0V seSs.
Let m: X — X be the n-fold cyclic covering with ¥ .=mn (X,fc) = ker (a). Con-
sider M =n~" (M), M™ =7=" (M7) and £ x ' = 7~ 1(T").

3In [I0] we were using the larger space DCone (UceamG/KBG — BG’). Even though this does
not affect any of the arguments, the ’smaller’ definition of BG°°"P might seem a more natural one.
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The transfer map tr : H. (X,0X) — H, ()?, 8)?) applied to yields

iz [1\7 81\7} —i ]\77,8]\77} —isusi [O x 81,05 x 8! € Hy (f(,a)?) )

M\T* |:

Let 01 M, ...,0sM be the components of M. The path [;, which defines the iso-
morphism of 71 (0;M,z;) with T'; C T :=m(M,z) (see Section 3.1) also identifies
711(0;X) to a subgroup ' C w1 (X, x) for the corresponding component 9; X of 0X.
For each component 9;; X of m7=1(9;X) we can use a lift lix, of I; to define an isomor-
phism from (Bik)/f, #1) to a subgroup I'Y C I'* with 7, (I‘f};) =T¥.

The representation pg := p X, X — @ sends all 1";% to the parabolic group P;.
Indeed, TX =, (l"f,i) is generated by ¢™ and elements of T';, and since px (t") =

A" =1 wehave pg (I‘f?) = px (I7") = px (I;) = p(I';) C P;. Therefore we can extend
Bps to

=\ comp
Bpg i (Br¥) " — pGem,

by mapping the cone point over BFf,(c to ¢;, the fixed point of the parabolic group P;.

Let W¢ : DCone (Ui,kaikf( — )A() —| BI'X¢°mP | be the extension of the classi-
fying map. We look at the effect of | Bpg | Ugisks: on 71 (X x S') (and on its
subgroups isomorphic to images of 71 (9; x S!) for the components 9;% of 9%). The
generator z of 18! is sent to p5(2) = px (t") = A" = 1 and elements of 71X are sent
to their image under pg. Thus the effect on the fundamental group of ¥ x St (and
its subgroups) is the same as for | Bpg | ¥ ¢izp1, where py: (¥ x 81,2 x S') —
(X, 0%) means projection to the first factor.

By asphericity of | BG | and Hurewicz’ Theorem (|7, page 219]) this implies that
| Bpg | ¥gisxs: and | Bpg | U gisp; are homotopic as maps from ¥ x S! to | BG |.

The same argument applied to the path-components 9;% x S' of 9¥ x S! and
to the aspherical space | BP; | (with P; the parabolic group corresponding to the
component ;M D 9;3) implies that the restrictions of both maps are homotopic as
mappings from ;% x S* to | BP; |. The cone of the homotopy is then a homotopy
between the corresponding maps from Cone(9;% x S') to Cone(| BP; |).

Now, | BG®®™? | is a homotopy colimit of the cofibrant diagram

U;Cone(| BP; |) < U; | BP; |—| BG |
and DCone(U;0;3 x S! — ¥ x S!) is a homotopy colimit of the cofibrant diagram
U;Cone(9;% x SY) « U;0;% x St — 2 x 8!,
so homotopy invariance of homotopy colimits ([I7], Section 5]) gives a homotopy
| Bpg | Ugisixs: ~| Bpg | ¥gispr : DCone(U;0;E x S' — £ x S8') —| BG®™? |

We use [9, Lemma 5.2] to identify H, (X, 0X) with H,(DCone(U;0;% — X)) in degrees
x > 2 and obtain

(I Bpg | Ugisxst), = (| Bpg | VgisPr), : Hg (S x 81,05 x S') — Hy (| BG™ |).
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Since the latter homomorphism factors over Hy (2,0%) = 0 we have

(| Bps | \I/)A(’L'szl)»< [E X 81,82 X Sl] =0

and [Equation 2] implies
(| Bpg | Ugigr). [M,Z)M} (| Bog | Ugizy. ). [MT,Z)MT} € Hy (| BG™™ |).

o~

(3)

On the other hand we have

(Bp). [M,0M]q = (| Bp | War). [M,0M]q

1 _ o 1 R
= U Box | Wxia)um [M,0M| = (| Bog | Wsig). [M.0M] .
similarly for M7, and thus implies the claim of Theorem 1. O
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